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Topics

1 Multi-Stage Games with Observed Actions (MSG)
2 Subgames in MSG
3 Subgame-Perfect Equilibrium (SPE) in MSG
4 Supplementary Slides (FYI - not tested): General Definition of
Subgames
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A More General Class of Games

Many games are not simultaneous-move, so that NE may rely on
non-credible threats, but are also not of perfect information, so that
backward induction cannot be performed.

For example, consider a political leadership race with one declared
candidate (player 1), and a second candidate (player 2) deciding
whether to get in the race (I) or stay out (O).

If I, the candidates simultaneously decide whether to wage a nice (N),
tough (T) or ugly (U) campaign.
If O, the game ends (player 1 wins by default).

This is an example of a multi-stage game with observed actions
(MSG). How should it be solved?
Today’s goal: Extend SPE to these games by generalizing the idea of
backward induction.
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Definition of MSG

Definition: A multi-stage game with observed actions is a game
where:

there is/are one or more stages;
in each stage, one or more players simultaneously take one action
each;
at the start of each stage, all actions taken in earlier stages (the
"history") are publicly observed;
no action is taken outside of a stage.

Not all games are MSG.

Example: Player 1 first plays Top, Middle or Bottom. Player 2 only
finds out whether player 1 has played Bottom. If so, he plays Left or
Right; if not, he plays In or Out.
See the "Supplementary Slides" for how to deal with such games.
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Game Trees for MSG

Let’s try drawing a game tree for the leadership race example from
earlier.

We need a way to show that the player coming last in the tree (after
I) does not know, when choosing N, T or U, whether the other player
played N, T or U.

More generally:

at the start of a stage, all players know where they are in the tree
because they have observed the history;
but if multiple players simultaneously make a choice after a certain
history, only one of them knows at what node they are playing.
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Information Sets and Strategies

Definition: An information set is a set of nodes where:
1 the same player is acting at all nodes in the set; and
2 the player that is acting knows that she is at the information set,
but cannot distinguish between the nodes within the information
set.

Note: If a player knows that she is at a particular node, then that
node is the only element in its information set.

Definition: A player’s strategy specifies a probability distribution
over actions for each information set where the player acts.

No longer a probability distribution for each node because you can’t
play differently at nodes that you can’t tell apart
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Subgames in MSG

Definition: In a multi-stage game with observed actions, a subgame
consists of:

a node h at the beginning of a stage (therefore non-terminal and alone
in its information set);
all nodes that come after h in the game tree;
all other elements of this part of the game tree (actions, info sets and
the player acting at each, payoffs).

That is, subgames start at the beginning of a stage (after a given
history), and go all the way to the end of the tree.

Therefore, a (different) subgame is played after every history following
which the game does not end.

The whole game corresponds to the "null history," i.e. the history
where nothing has yet happened.
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Exercise 1

Players 1 and 2 first simultaneously pick Big or Small.

They observe each other’s choice, and then simultaneously pick High
or Low.
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Definition of SPE

Once you understand subgames, the definition of subgame-perfect
equilibrium is simple.

Definition: A subgame-perfect equilibrium is a strategy profile
where a Nash equilibrium is played in each subgame.

To solve for SPE, start with the subgames in the last stage, and work
backwards.

As you work backwards, you will be solving bigger and bigger
subgames.

Backward induction is a special case of this procedure: in games of
perfect information, every non-terminal node and its successors are a
subgame.

This definition can be applied to games that are not MSG by
generalizing the concept of subgames to those games: see
"Supplementary Slides." Thus, SPE is defined for any game of
complete information.
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Example (cont’d)

Suppose the payoffs are as follows:

If O, (10, 0)
If I, then given by the following table:

N T U
N 5, 5 −1, 10 −2, 5
T 10,−1 4, 4 −3, 3
U 5,−2 3,−3 −4,−4
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Supplementary Exercise (from Fudenberg and Tirole, p441)

Solve for the pure-strategy SPE(s) in these games.
1 Player 1 first chooses Up or Not Up. If Up, game ends. If Not Up,
simultaneous-move game where player 1 chooses Middle or Down, and
player 2 chooses Left or Right.

2 Player 1 first chooses Up, Middle or Down. If Up, game ends. If Middle
or Down, player 2 chooses Left or Right without observing player 1’s
action.

Payoffs: (2,2) after Up, (3,1) after (Middle, Left), (1.5,0) after
(Middle, Right), (0,0) after (Down, Left), (1,1) after (Down, Right).

This odd property of SPE inspired some other solution concepts way
beyond the scope of this course...
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Supplementary Material: General Definition of Subgames

In general, subgames are parts of the game tree can stand alone as a
game.

Definition: A node h’s successors are all the nodes after h, all the
way to the terminal nodes.

Definition: Suppose you have a game G . A subgame of G consists
of the part of the extensive form of G containing a single
non-terminal node and all its successors with the property that
every information set of G is either entirely inside or entirely
outside that set of nodes.
The last part of the definition can be rephrased: no information set of
G contains both nodes inside and nodes outside of a subgame.
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Supplementary Material (Cont’d)

Way to remember the definition: think of information sets as spider
webs. Subgames are parts of the tree (except for terminal nodes) that
you can detach by snapping a single branch and without tearing a
web.

Convince yourself that, for MSG, this general definition matches the
specialized one that we gave.

Recall this example: Player 1 first plays Top, Middle or Bottom.
Player 2 only finds out whether player 1 has played Bottom. If so, he
plays Left or Right; if not, he plays In or Out.

2 subgames here: the whole game, and the part of the game after
Player 1 plays Bottom.
The part of the game after Player 1 plays Top and/or Middle cannot
stand alone: player 2 wouldn’t know where the game starts. It
therefore shouldn’t be a subgame, and indeed fails the definition.
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